The energy required to form and remove vacancies on metal surfaces mediates the rate of mass transport during a wide range of processes. These energies are known to be sensitive to environmental conditions. Here, we use electronic structure density functional theory calculations to show that the surface vacancy formation energy of silver changes markedly in the presence of adsorbed and dissolved oxygen. We found that adsorbed atomic oxygen can reduce the surface vacancy formation energy of the Ag(111) surface by more than 30%, whereas surface vacancy formation becomes exothermic in the presence of pure subsurface oxygen. We went on to show that the total directionality of the topologically defined bond paths can be used to understand these changes. The resulting structure-property relationship was used to predict the behavior of silver in different atmospheres. We show that the surface vacancy formation energy decreases when electronegative elements are adsorbed on the surface, but that it can increase when electropositive elements are adsorbed.
Introduction
Vacancies are important defects in fcc metals and are the primary channels for mass transport on metal surfaces. 1, 2 During processes such as faceting and coarsening, vacancy formation and migration energies determine the rate of mass transport. [3] [4] [5] The adsorption of gases, or alloying, will change these energies. [6] [7] [8] [9] By understanding these changes, it may be possible to exploit them in the design of new materials, such as lead free solders, 10 creep resistant alloys, 11, 12 and better catalysts. 13, 14 To this end, here, we report an investigation of the atmospheric effects on the surface vacancy formation energies of silver. Silver is a classic example of a metal whose surface selfdiffusion is dependent on the atmosphere. It has long been known that silver surfaces are etched to show simple crystallographic planes at high temperature in air. 15, 16 And because silver can be thermally etched in air at standard atmospheric pressure, unlike other metals that require a more restrictive atmosphere, it has been the focus of numerous experimental investigations. [15] [16] [17] [18] [19] These studies have revealed that the surface self-diffusion of silver increases markedly in an oxygen atmosphere at temperatures above 700 K as compared to an oxygen free atmosphere. [17] [18] [19] At temperatures below 700 K, an oxygen atmosphere is known to produce a p(4 Â 4) surface reconstruction of the Ag(111) surface, [20] [21] [22] [23] whereas above 700 K the presence of oxygen induces grain boundary grooving and faceting. [24] [25] [26] However, these temperatures are too low to lead to the formation of sufficient vacancies in vacuo to result in the morphological changes observed under an O 2 atmosphere. 27 Clearly, oxygen plays an important role in reducing the surface vacancy formation energy of silver, as it does for chromium 28 and ruthenium. 29 In order to elucidate the effect of oxygen on the vacancy formation energy of silver, the function of a variety of oxygen species must be considered. Surface science studies have revealed that at temperatures above 700 K O 2 dissociatively adsorbs onto the Ag(111) surface, resulting in three types of coadsorbed oxygen species. 26 The first of these, O ads , is thought to be adsorbed atomic oxygen, which is present at surface coverages up to 1/4 of a monolayer (ML). 26, 27, 30, 31 Beyond this concentration, subsurface oxygen becomes energetically favorable 32 and is thought to appear as a new species, O ss , that may coexist with O ads . 26, 33 As the concentration of the subsurface species increases beyond 1/4-1/2 ML at temperatures above 700 K, a substitutional species, O sub , is thought to form. The formation of this species coincides with the disappearance of O ads and O ss , which has prompted researchers to suggest O ads and O ss transformation into O sub . [24] [25] [26] Large morphological changes are also associated with the formation of the substitutional species. [34] [35] [36] [37] Thus, O ads and O ss are likely responsible for the change in vacancy formation energy that allows the formation of the O sub species and the subsequent thermal etching.
To investigate the role these species play in vacancy formation, we calculated the surface vacancy formation energy of silver in their presence and absence by way of electronic structure density functional theory (DFT). We went on to develop structure-property relationships by correlating topological and geometric features of the electron charge density, r( -r ), with our calculated vacancy formation energies. An advantage of developing structure-property relationships using r( -r ) is that the charge density is a quantum mechanical observable. And because all ground state properties are a consequence of r( -r ), 38 the gas phase 39, 40 and the solid state, [40] [41] [42] processes occurring near the silver surface during vacancy formation in the presence of adsorbates can be described in the same framework. Importantly, in this work, the topological and geometric structure of r( -r ) has been used to uncover the atomic scale properties that mediate the ideal work of fracture, a process that shares many features with surface vacancy formation. 43 , 44 
Topological model of bonding
Because r( -r ) is a three dimensional scalar field, Morse theory tells us that its topology can be partially characterized by its rank three critical points (CPs). 45, 46 In a three dimensional field, there are four types of non-degenerate CP: a local maximum, local minimum, and two types of saddle point, which are commonly identified using the (rank, signature) notation. For a non-degenerate critical point the rank of the second derivative matrix, the Hessian, is always equal to the dimensionality of the space, for our cases it is three. The signature is the number of positive curvatures minus the number of negative curvatures. A maximum would then be denoted (3, À3) and a minimum (3, +3). The saddle point with two negative curvatures would be denoted as (3, À1) and the saddle with two positive curvatures a (3, +1) CP. Extensive theoretical and experimental studies have demonstrated that the topological properties of r( -r ) correlate with elements of solid state structure and bonding. [39] [40] [41] [42] [47] [48] [49] [50] In particular, the locations of nuclei coincide with (3, À3) CPs, while a bond path has been shown to coincide with the existence of a ridge of maximum charge density connecting bound nuclei. [51] [52] [53] [54] A necessary and sufficient condition for the existence of such a ridge in the solid state is the presence of a (3, À1) CP. Thus, this CP is often referred to as a bond CP. The other two types of CP also correlate with features of solid state structure. A cage structure must enclose a single (3, +3) CP, which is often denoted a cage CP, while a (3, +1) CP is topologically required in ring structures, and is denoted a ring CP. [54] [55] [56] By way of example, Fig. 1 shows the topological bonding features of a Ag(111) surface with and without a surface vacancy. The left panel of the figure shows a traditional ball and stick plot of the surface. A charge density contour plot of this cut plane is shown to the right, with the minima colored black. Inspection of the figure reveals that each surface atom is a maximum in r( -r ), corresponding to the nuclear positions in the ball and stick representation. A ridge can be seen to connect nearest neighbor maxima in the contour plot, as evident by the saddle points connecting each maxima to its six nearest neighbors. These saddle points are the (3, À1) bond points, while the ridge is the bond path, shown by way of the gray cylinders connecting atoms in the ball and stick plot. When a surface atom is removed, six of the surface bond paths are lost, as shown in the lower panel of Fig. 1 . These topological features allow us to unambiguously uncover the changes in the number and type of bond paths that occur in silver in the presence and absence of adsorbates. However, because the topology has no metric that allows differentiation between Ag-O and Ag-Ag bonding, the number of bond paths alone cannot be used to describe vacancy formation in silver, as will be discussed in Section 5. Bond path properties must also be included.
One potentially useful property is directionality, which has been used to rationalize other processes involving bond breaking in metals, including the cleavage behavior of bcc metals 57 and Ir. 58 Directionality has been quantified using the quadratic surface constructed from the Hessian of r( -r ) at the bond CPs. [57] [58] [59] [60] [61] This surface is the elliptic cone shown in Fig. 2 where r >> and r > 0 > 0 are the principal curvatures of the electron charge density at the bond point in the directions perpendicular to the bond path, and r JJ is the curvature of r( -r ) along the bond path.
To facilitate visualization the elliptic cone formed by the locus of directions of zero curvature at a bond point on the Ag(111) surface is shown in Fig. 3 . It has been projected into the plane containing the directions of principal curvature of the charge density parallel and normal to the bond path, those used to define r JJ and r >> in Fig. 3a . The angle of the cone with respect to the > direction is y. A similar representation of f is shown in Fig. 3b , in which case the charge density cut plane again contains the direction of principal curvature parallel and normal to the bond path. However, in this case, the normal direction is taken as that used to define r > 0 > 0 . The angle the cone makes with the > 0 direction is f.
This definition offers a measure of the distance to bond breaking. Bond points can only be destroyed through a topological catastrophe in which one, or both, of the curvatures perpendicular to the bond path vanish. 55, [62] [63] [64] [65] Such a catastrophe will occur when the elliptic cone at the bond CP transforms into intersecting planes. The angle of the elliptic cone formed by the locus of directions of zero curvature at a bond point will go to zero as the cone collapses. The cone will preferentially collapse in the direction of the smaller angle at a rate proportional to the value of the charge density at the bond CP, r 0 . 61, 66, 67 Thus, the perturbation required to cause the topological catastrophe is proportional to the lower of the two values: r 0 tan y and r 0 tan f, which we will report as (r 0 tan y [e Å À3 ],
As we will show below, using the topology of the charge density to define bond paths and the geometry r( -r ) to define directionality allows us to uncover structure-property relationships that describe vacancy formation in silver using different adsorbates and the role of alloying. Once identified, these relationships can be used to develop strategies to modify the vacancy formation energy.
Methods
We performed spin-restricted DFT calculations using the Quantum Espresso (QE) package 68 and ultrasoft pseudopotentials with a kinetic energy cutoff of 30 Ry for the wavefunctions and 300 Ry for the charge density. The generalized gradient approximation (GGA) developed by Perdew, Burke, and Ernzerhof 69 was employed on a (12 Â 12 Â 1) Monkhorst-Pack k-point mesh 70 for the (1 Â 1) surface unit cell. Marzari-Vanderbilt cold smearing with a width of 0.02 Ry was used to improve convergence. 71 The charge density analysis was done using the TECD software package. 72 All calculations were performed on a five layer Ag(111) slab that was separated from its periodic images with approximately five layers of vacuum. The in-plane dimensions of the (1 Â 1) surface unit cell were fixed at 2.93 Å using the bulk silver lattice constant we calculated within QE, which is within 2% of the experimentally measured value. 73 The atomic coordinates were allowed to relax, except the bottom layer of silver, which was held fixed. And because the minimum concentration of O ads needed to form the subsurface species is thought to be 1/4 ML, we chose to employ a (2 Â 2) surface for all of the calculations. Surface vacancy formation energies of both pure silver and silver with the different adsorbates were calculated as:
where E bulk Ag is the energy of a bulk silver atom, E surf is the energy of the fully relaxed surface without a vacancy but with any adsorbate, and E vac Ag is the energy of the same surface and adsorbate with a single silver surface vacancy, which we calculated with and without ionic relaxation. When the surface vacancy formation energy, as defined in eqn (2) , is positive, forming the vacancy increases the total energy of the system. 
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Hence, a positive vacancy formation energy is found when vacancy formation is not energetically favorable. Conversely, a negative value of E vac corresponds to a situation in which vacancy formation is energetically favorable as, in this case, the system can lower its total energy by introducing a surface vacancy. The projected density of states (PDOS) were calculated as:
where the f a (r)'s are the eigenfunctions contained in the pseudopotentials on which the eigenfunctions of the Kohn-Sham Hamiltonian, j i (r), are projected. On the pristine surface, the ionic relaxation is small as suggested by the small reduction in surface vacancy formation energy that accompanies relaxation which principally serves to reduce the interlayer spacing in the [111] direction upon formation of the surface vacancy. We found that while the distance between nearest neighbor surface atoms remains unchanged after surface vacancy formation, the interlayer spacing drops from 2.39 Å on the defect free surface to 2.33 Å upon relaxation with the surface vacancy present. This contraction of the top layer of silver serves to compensate for the loss of bonding associated with the formation of the surface vacancy shown in Fig. 1 .
Results

Clean surface
This loss in bonding associated with vacancy formation is also manifested in the PDOS. The solid lines in Fig. 4a and b show the d-states of the silver atoms on the pristine surface in the topmost layer and in the first subsurface layer, respectively. For comparison, the dotted line in Fig. 4b shows the d-states on a bulk fcc silver atom. In all cases the d-states appear between 2.5-6 eV below the Fermi energy, e F , which is set to zero and shown by way of the vertical dashed line in Fig. 4 .
The PDOS on the surface atoms is narrower than in the bulk. This narrowing is due to both the reduction in the number of bond paths terminating at the surface atoms from 12 in the bulk to 9 on the surface, and the fact that the directionality of the bond paths connecting nearest neighbor surface atoms, (0.047, 0.068), is less than the directionality of the bond paths in the bulk, (0.079, 0.087).
The directionality of the bond paths connecting surface and subsurface atoms, (0.071, 0.088), is close to that found in the bulk. Furthermore, the full complement of 12 bond paths terminate at the subsurface atoms. As a result, the d-states on the subsurface silver atoms can be seen to strongly resemble those in bulk silver, Fig. 4b . Fig. 4 also shows that further narrowing of the surface silver d-states relative to the bulk is observed when a surface vacancy is introduced, the dashed line in Fig. 4a . In this case, the response of d-states of the silver surface atoms at the vacancy edge is due to the reduction in the number of bond paths terminating at those atoms, from nine to eight bond paths, as the directionality of the remaining bond paths connecting surface atoms remains almost unchanged, (0.051, 0.068), from those on the pristine surface. While the same effect can also be seen in the subsurface, the dashed line in Fig. 4b , the subsurface atoms at the vacancy edge retain 11 bond paths. As such, the d-states on these atoms still resemble those of bulk fcc silver more than the d-states on the surface atoms.
Adsorbed oxygen
When 1/4 ML adsorbed oxygen is introduced, it preferentially adsorbs on the fcc hollow site, 27 causing changes in the bonding on the silver surface. Fig. 5a shows a ball and stick model of a Ag(111) surface with 1/4 ML adsorbed oxygen. The black dashed line represents the surface unit cell, each of which contains a single adsorbed oxygen atom, shown by way of a red sphere. Inspection of Fig. 5a reveals that the presence of adsorbed oxygen lowers the symmetry of the surface, resulting in two symmetry unique surface silver atoms. One is bound to other silver atoms only. It is denoted Ag Ag in Table 1 and represented by black spheres in Fig. 5a . As indicated in Table 1 Like in the case of the pristine surface, the changes in bonding seen in the topology of r( -r ) that drive the observed changes in geometry are also apparent in the PDOS. These differences in bonding have a dramatic effect on the surface vacancy formation energy. The presence of adsorbed oxygen
The bonding topologies associated with Ag Ag and Ag O vacancy structures are shown in Fig. 5b and c, respectively. In these figures, the position of the surface vacancy is indicated by way of a dashed circle and the bond paths lost upon vacancy formation are shown by way of dashed lines. Formation of the Ag Ag vacancy can be seen to result in the loss of Ag-Ag bonding, whereas formation of the Ag O vacancy leads to a loss in both Ag-Ag and Ag-O bonding.
The different bonding topologies are mirrored in the PDOS. Fig. 6b shows that when the Ag Ag vacancy is formed the Ag O d-states become narrower, as was observed on the clean surface, but still hybridize strongly with the oxygen p-states. Note that in this case there are no Ag Ag d-states because the Ag Ag atoms have been removed. Conversely, when the Ag O vacancy is formed both types of surface silver atoms remain. The PDOS on both types of surface silver becomes narrower, and the mixing between the oxygen p-states and Ag O d-states is greatly reduced, confirming the loss in Ag-O bonding seen in Fig. 5c .
As the surface vacancy formation energies indicate, the loss of the very directional Ag-O bond paths that occur when the Ag O vacancy is formed is energetically unfavorable with respect to the loss of Ag-Ag bonding associated with the Ag Ag vacancy. When ionic relaxations are allowed, both types of surface vacancies relax into the bonding topology associated with the Ag Ag vacancy shown in Fig. 5b with the corresponding PDOS shown in Fig. 6b . Table 1 shows that when ionic relaxations are allowed after an Ag Ag vacancy has been formed E vac stays nearly constant. The minor role of ionic relaxation on the Ag Ag vacancy formation energy is a consequence of the fact there is little atomic rearrangement and, hence, little change in bonding upon relaxation. Like in the case of the clean surface, the primary mode of atomic relaxation is a 0.11 Å reduction in the interlayer spacing between the Ag O atoms and the subsurface silver, with the distance between nearest neighbor unbound Ag O atoms increasing by 0.03 Å. If, however, the Ag O vacancy system is allowed to relax, the system adopts the atomic configuration associated with the Ag Ag vacancy. That is, with relaxation, the structure shown in Fig. 5c transforms into the topologically inequivalent structure shown in Fig. 5b . Thus, the Ag(111) surface with adsorbed O always prefers to form a Ag Ag vacancy.
Adsorbed and dissolved oxygen
When subsurface oxygen is introduced into the O ads system we find that the subsurface species preferentially dissolves into the tetrahedral holes to form the oxide-like structure shown in Fig. 7a , in agreement with ref. 32 . This geometry preserves the two types of surface silver atoms, Ag Ag and Ag O . However, in this case the Ag O atom is bound to oxygen adsorbed on the surface and dissolved in the subsurface, the latter of which is labeled O ss in the figure. The additional bonding between silver and subsurface oxygen leads to the loss of all Ag O -Ag O bond paths. As a result, only six bond paths terminate at each Ag O atom. The bonding topology associated with the Ag Ag atoms remains unchanged from the clean surface and the Ag(111) with O ads only.
The changes in bonding topology associated with introducing O ss are manifested in changes to the atomic structure, which are indicated in Fig. 7a . The internuclear separation between nearest neighbor Ag O -Ag O atoms bound to the same O ads reduces from 3.07 Å when no subsurface oxygen is present to 2.89 Å in the presence of both O ads and O ss . This compression is due to the expansion of the silver atoms around the subsurface oxygen species, which increases the nearest neighbor Ag O -Ag O distance between silver atoms bound to a common O ss atom to 2.99 Å. The additional subsurface oxygen also increases the interlayer separation between the silver surface and subsurface atoms, with the Ag O atoms lying 3.20 Å above the subsurface plane in the [111] direction and the Ag Ag at 2.32 Å, compared to 2.46 Å and 2.30 Å when only adsorbed oxygen is present. The expansion in the [111] direction also increases the Ag O -Ag Ag distance to 3.06 Å, as compared to 2.94 Å without the subsurface oxygen.
These differences in bonding topology and atomic structure give rise to changes in the PDOS and the bond path directionality. Fig. 8a shows the d-states on Ag Ag and Ag O with a solid and dashed black line, respectively. The p-states on the adsorbed oxygen are shown with a dotted (blue online) line, and the p-states on the subsurface oxygen are shown by way of a dashed-dotted line (purple online). As is expected from the bonding topology, and as was observed when only adsorbed oxygen is present, appreciable mixing between the oxygen p-states and silver d-states is only seen with Ag O . Unlike the previous example, however, the addition of subsurface oxygen can be seen to introduce states at approximately 6.5 eV below e Despite the differences observed between the silver surface with only adsorbed oxygen and that with both adsorbed and subsurface oxygen, the surface vacancy formation energies are similar. The unrelaxed Ag Ag vacancy formation energy in the presence of both O ads and O ss is 0.26 eV, and the unrelaxed Ag O surface vacancy formation energy is 1.12 eV.
Comparing Fig. 7b and c suggests that formation of the Ag Ag vacancy is preferred over the Ag O due to the fact that the former does not lead to a loss in the directional Ag O -O bonding. The PDOS supports this conclusion. 
Dissolved oxygen
If the adsorbed oxygen is removed from the system, leaving only subsurface oxygen, the bonding topology is similar to what was found when only adsorbed oxygen is present. Two symmetry unique surface silver atoms can still be seen, Fig. 9a . And, as in the other cases, nine bond paths terminate at the Ag Ag atoms. Here, however, only seven bond paths terminate at the Ag O atoms because of the loss of bonding between, not only the nearest neighbor Ag O atoms, but the additional loss of a bond path connecting the Ag O atoms to the subsurface silver.
Inspection of Fig. 9a further reveals that the changes in internuclear separation that occur when going from the clean surface to the surface with subsurface oxygen are similar to the changes observed when going from the clean surface to oxygen adsorbed on the fcc hollow site. When O ss is present the distance between unbound nearest neighbor Ag O atoms increases from the 2.94 Å seen on the clean surface to 3.24 Å, somewhat larger These differences in bonding lead to a striking difference in vacancy formation energies between the surface with only subsurface oxygen present and those with adsorbed oxygen. In the current case, though the unrelaxed Ag Ag vacancy formation energy of 0.15 eV is nearly equal to the 0.16 eV found in the O ads system, the unrelaxed Ag O vacancy formation energy of 0.53 eV is only marginally larger than the 0.48 eV found on the clean surface, Table 1 . Moreover, unlike in the previous examples, both the Ag Ag and Ag O relax into inequivalent structures with unique bonding topologies.
The ionic relaxations associated with the Ag Ag vacancy mirror are those seen in the other examples, Fig. 9b Large atomic relaxations are associated with the Ag O vacancy. Fig. 9c shows the system with a Ag O vacancy before ionic relaxation, while Fig. 9d shows the same system after relaxation. Comparison of the figures reveals that relaxation leads to the formation of a new Ag O -O bond path, resulting in a substitutional oxygen atom that is bound to all of the remaining surface silver atoms and reducing E vac to À0.16 eV, i.e. forming a vacancy becomes energetically favorable. The Ag O -O internuclear distances are all roughly similar, and the oxygen lies in the plane of the surface silver atoms, allowing the interlayer spacing between the surface and subsurface silver in the [111] direction to drop below 2.45 Å. The changes in bonding associated with the relaxation that are seen in the topology of r( -r ) are also reflected in the PDOS. Comparing Fig. 10a and c supports the conclusion drawn from the topology of the electron charge density that upon formation of the Ag O vacancy silver-oxygen bonding is lost. Furthermore, both the Ag O and Ag Ag atoms can still be seen to be present in distinct chemical environments, with only the d-states on the Ag O atom mixing appreciably with the oxygen p-states. When the system relaxes, however, all of the surface silver atoms become nearly equivalent and show mixing between the silver d-and oxygen p-states, Fig. 10d . The PDOS in this relaxed geometry can be seen to be distinct from that seen for O ss or O ads due to the fact the oxygen has become a surface substitutional species.
In summary, atomic oxygen can significantly alter the surface vacancy formation of silver. The magnitude and direction of these changes depend on the atomic structure of the Ag-O system. We will now turn to the origin of this behavior.
Discussion
Descriptor of vacancy formation energy
In order to gain more quantitative insight into oxygen's effect on the surface vacancy formation energy of silver, we can turn to the oxygen induced changes in bonding. The simplest strategy is to employ a bond path cutting model, i.e. the fewer the bond paths terminating at an atom, the lower its E vac . However, inspection of Table 1 reveals that there is no correlation between the total number of bond paths and E vac . For instance, nine bond paths terminate at every Ag Ag atom, yet the surface vacancy formation energies associated with these atoms is markedly different in the various systems. The problem becomes more apparent if we restrict ourselves to comparing unrelaxed surface vacancy formation energies, in which case even a reduction in the number of bond paths can coincide with an increase in E vac . Clearly, the number of bond paths alone is not a good predictor of the vacancy formation energy, and bond path properties must also be included. To begin, consider the differences between silver atoms in the bulk and on an ideal Ag(111) surface.
We can first imagine a situation in which the surface and bulk bond paths are equivalent, which is a simple bond cutting model. This model would predict that the energy required to remove a surface atom would be 9/12, or 75%, of that in the bulk, because 12 bond paths must be broken to form a bulk vacancy and, as we saw in Section 2, only 9 bond paths are lost when a surface vacancy is formed. However, our calculated surface vacancy formation energy is only 57% of the bulk value, demonstrating that we must account for the inequivalence of the bond paths.
This inequivalence can be seen in the differences in internuclear separation between bound atoms discussed in Section 4. Internuclear separation, d, is often viewed as a measure of bond strength and has been shown to correlate with the magnitude of the electron charge density at the bond point connecting bound atoms, r 0 , in molecules [80] [81] [82] [83] and transition metal oxides. 82, 84 In agreement with these studies we see the expected power law dependence of r 0 on internuclear separation between bound atoms, Fig. 11 . Furthermore, the regression coefficients of r 0 = ad Àb are a = 6.489 and b = 3.293, which are close to the a = 6.795 and b = 3.483 found for O-O bonds in molecules, 83 suggesting that the correlation may hold on surfaces.
However, though r 0 correlates with internuclear separation, introducing this property into the bond cutting model by defining the total bonding associated with a nuclear site as:
where the sum is taken over all the bond paths terminating at the nuclear site of interest, does not result in a good correlation with vacancy formation energy, Fig. 12 . This failure of r 0 alone to correlate with the energy required to destroy bond paths has been previously observed. 44, 58 To bring the bond cutting model into agreement with the calculated surface vacancy formation energies we can, instead, include bond path directionality as the total directionality:
where the total directionality, D, is simply a sum of the smaller of the two angles at each bond point terminating at the nuclear site of interest, which offers an aggregate measure of bonding.
Comparing the total directionality of the bond paths terminating at a silver atom in the bulk to one on the clean (111) surface yields a D surface /D bulk ratio of 52%. Thus, the ratio of total directionality is a more accurate predictor of differences in vacancy formation energies than the ratio of the number of bond paths alone. In fact, we found that the unrelaxed vacancy formation energy changes linearly with total directionality, Fig. 13 . Fig. 11 Charge density at the bond critical point versus internuclear separation. The fit line is given by r 0 = 6.489d À3.293 . Fig. 12 Total bonding at an atom site defined using the magnitude of the charge density as in eqn (4) 
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To understand this relationship in more detail, we will now turn to how the bonding in the Ag-O system changes in the presence of oxygen.
As we saw in Section 4, when 1/4 ML oxygen adsorbs on the Ag(111) surface to form O ads the bonding topology changes from that found on a clean silver surface. Each Ag O gains a directional Ag-O bond path at the expense of two less directional Ag-Ag surface bond paths. The adsorbed oxygen also perturbs the neighboring bond paths, making the Ag O -Ag O bond paths more directional than those on a clean Ag(111) surface and the Ag Ag -Ag O bond paths less directional. Thus, despite the fact that nine bond paths terminate at the Ag Ag atoms and only eight bond paths terminate at the Ag O atoms, the total directionality of the former is 0.40, while D of Ag O is 0.62. When these results are compared to the total directionality of a silver atom on the clean surface, D = 0.45, we would expect that adsorbed oxygen increases the vacancy formation energy of Ag O but decreases that of Ag Ag , as we saw in Table 1 . When ionic relaxations are included, both vacancies relax to the Ag Ag vacancy structure to maximize the number of Ag-O bond paths. However, because the bonding topology in the relaxed structure is identical to that of the unrelaxed Ag Ag vacancy, the change in energy between the unrelaxed and relaxed Ag Ag vacancy structures is small.
The fact that introducing subsurface oxygen into the system with O ads leads only to a small change in surface vacancy formation energy can also be rationalized in terms of oxygen induced differences in bond path directionality. When both O ss and O ads are present the Ag Ag atoms are again bound to nine atoms and have a total directionality of 0.41. And though the total number of bond paths terminating at the Ag O drops from eight to six their total directionality remains at approximately 0.63 because an additional directional Ag O -O bond path is formed at the expense of two less directional Ag O -Ag O bond paths. These slight increases in directionality are manifested as small increases in the surface vacancy formation energies shown in Table 1 .
This trend of directional Ag-O bonding increasing the Ag O and decreasing the Ag Ag surface vacancy formation energy continues when dissolved oxygen is present in the absence of adsorbed oxygen. Like in the previous cases, the Ag Ag atoms in this system are bound to the nine nearest neighbor Ag atoms. However, the total directionality of the bond paths terminating at the Ag Ag atoms is only 0.38 because the subsurface oxygen perturbs the Ag-Ag bonding more strongly than O ads , as shown in Section 4. The total directionality of the seven bond paths terminating at each Ag O atom is 0.49. While these total directionalities recover the unrelaxed surface vacancy formation energies shown in Table 1 , the effect of ionic relaxations reduces the relaxed Ag O vacancy formation energy.
As was shown in Section 4, the Ag Ag and Ag O vacancies relax to different structures when O ss is present without O ads , where we saw that, while the ionic relaxation associated with the Ag Ag vacancy results in no change in bonding and a minor reduction in E vac , relaxation of the Ag O vacancy leads to the formation of an additional Ag-O bond path, which makes vacancy formation exothermic. Thus, pure subsurface oxygen will induce a restructuring of the Ag(111) surface wherein vacancies spontaneously form, allowing the subsurface oxygen to become a surface substitutional, which could help explain the increase in surface self-diffusion of silver in an oxygen atmosphere above 700 K, as compared to an oxygen free atmosphere. [17] [18] [19] These trends are summarized graphically in the plot of surface vacancy formation energy versus total directionality in Fig. 13 . The dashed horizontal line shows E vac = 0 eV. The filled circles are the values of E vac without ionic relaxation and the unfilled circles show E vac with ionic relaxation. The total directionality correlates with the unrelaxed surface vacancy formation energy. When there are no topological changes associated with relaxation D also correlates well with the relaxed surface vacancy formation energy.
Chemical trends in surface vacancy formation
This structure-property relationship between total directionality and surface vacancy formation energy allows us to use simple chemical concepts to predict how the surface vacancy formation energy will change under different atmospheres or with alloying. Such changes could modify the directionality of the surfaceadsorbate bond paths or the surface-surface bond paths.
We would expect, for instance, that the silver surface vacancy formation energy would be decreased further by introducing an element that can form more directional bonds with the silver surface than oxygen, such as sulfur, which adsorbs on the fcc hollow site of the Ag(111) surface at 1/4 ML coverage, 85 resulting in a reduction in the unrelaxed E vac of the Ag Ag to 0.22 eV. As we found in the case of adsorbed oxygen, ionic relaxations play a minor role, reducing E vac to 0.18 eV. This pronounced reduction in the surface vacancy formation energy of silver in the presence of sulfur may help explain the experimentally observed increase in surface self-diffusion seen in this system. 86 An adsorbate that is more electronegative than oxygen, such as a halogen, can reduce the surface vacancy formation energy below what we found in the presence of oxygen by withdrawing more density from the silver surface bonds. Cl, for instance, adsorbs on the fcc hollow site of the Ag(111) surface at 1/4 ML coverage. 87, 88 We found that it reduces E vac of the Ag Ag atoms to 0.20 eV, significantly lower than the 0.34 eV found in the presence of 1/4 ML adsorbed oxygen. Because chlorine does not form a substitutional species on the Ag(111) surface 87 the effect of ionic relaxations are minor, reducing E vac to 0.16 eV. In contrast to the previous examples, when an electropositive element adsorbs on silver we would expect it to increase the surface vacancy formation energy. Take sodium for example, it will not form directional bonds with the silver surface because its valence density is a consequence of its s-character. Because its electronegativity is less than that of silver's, sodium will donate density to the surface, thereby increasing the directionality of the Ag-Ag surface bonds. As expected, when 1/4 ML sodium is adsorbed on the fcc hollow sites of the Ag(111) surface, we found that the unrelaxed surface vacancy formation increases to 0.59 eV for the Ag Na and 0.58 eV for the Ag Ag atoms. Note that these effects are not specific to the silver system, as evidenced by the fact that sodium has also been shown to increase the vacancy formation energy on a ruthenium surface. 29 Because of this fact, we can also consider the effect of alloying. Take Cu/Ag alloys, for example, which are known to have a tendency to segregate. 89 In the presence of oxygen, copper moves to the Ag(111) surface due to the fact that copper and oxygen form very directional bonds. [90] [91] [92] [93] This directional Cu-O bonding will result in a large E vac of copper, but will reduce that of any surface silver atoms. We found that when 1/4 of the Ag(111) surface atoms are substituted with copper, the work required to remove the surface silver atom drops to 0.09 eV. This large drop in E vac is in agreement with the high surface mobility found in Ag-Cu particles under air, in which copper is immobile and the surface diffusion of silver is entirely responsible for the formation of sintered necks. 94 
Conclusions
In summary, we have used DFT calculations to show that dissolved and adsorbed oxygen lower the surface vacancy formation energy of silver. We went on to show that the total directionality of the topological bond paths correlates with these changes in surface vacancy formation energy. We then used this correlation to develop a structure-property relationship to allow us to predict how changing the gas phase or alloying the silver would alter the surface vacancy formation energy. Adsorbed electronegative elements tend to decrease the surface vacancy formation energy by withdrawing density from the silver surface and reducing the directionality of the Ag-Ag surface bonds, whereas electropositive adsorbates donate electron density to the silver surface and increase the directionality of Ag-Ag surface bonds. These results suggest that, during sintering, surface reactions and other processes that depend critically upon the nature of surface defects selectively alloying or altering the gas phase can have a substantial effect on properties and performance.
